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We compare the orbital angular momentum of the ‘quark’ in the scalar diquark model
as well as that of the electron in QED (to order α) obtained from the Jaffe-Manohar de-
composition to that obtained from the Ji relation. We estimate the importance of the vector
potential in the definition of orbital angular momentum.
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1
1 Introduction
The question of how the total angular momentum 12 of the proton is contributed by the
spins of the quarks and gluons and their orbital angular momenta, has been a puzzle since the
European Muon Collaboration (EMC) announced its result in late 80s. Very little contribution
to the proton’s spin was found from the spin of the quarks, and hence so- called proton “spin
crisis” has existed[1, 2]. After almost 20 years of vigorous theoretical and experimental effort,
only about 30% of the proton spin is contributed by spin of the quarks. Researchers are actively
engaged in to the quest for the remaining 70% of the proton’s spin. It appeared more clear
that this rest of the spin of the proton should be contributed by the orbital angular momentum
(OAM) of the quarks and gluons and the polarization of the gluons. Recently, there are many
debates on the proper way of decomposing the total spin of the proton into the OAM and spin
contribution from quarks and gluons
1.1 Ji Spin Sum Rule
Ji proposed a decomposition of the~z - component of the angular momentum of the nucleon
1
2
=
1
2 ∑q ∆q+∑q L
z
q + Jzg (1)
whose terms are matrix elements of the corresponding terms of the 0xy - components of the
following angular momentum tensor
M0xy =
1
2 ∑q q
†Σzq+∑
q
q†(~r× i~D)zq+[~r× (~E×~B)]z (2)
where i~D = i~∂ −g~A. In this decomposition, each term can be expressed as the expectation
value of a manifestly gauge invariant local operator. Also the total angular momentum of the
quark can be expressed in terms of the generalized parton distributions(GPDs) as
Jzq =
1
2
∆q+Lzq
=
1
2
ˆ 1
0
dxx[q(x)+Eq(x,0,0)] (3)
which can be measured in deeply virtual Compton scattering(DVCS) or calculated in lattice
gauge theory[3, 4, 5, 6].
1.2 Jaffe - Manohar Spin Sum Rule
Jaffe and Manohar proposed a decomposition of the~z - component of the angular momentum
of the nucleon at the light - cone frame as
1
2
=
1
2 ∑q ∆q+∑q L
z
q +
1
2
∆G+L zg (4)
where these terms are defined as matrix elements of the corresponding terms in the +xy
component of the angular momentum tensor
2
12
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Figure 1: Ji decomposition
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Figure 2: Jaffe- Manohar decomposition
M+xy =
1
2 ∑q q
†
+γ5q++∑
q
q†+(~r× i~∂ )zq++ ε+−i jTrF+iA j +2TrF+ j(~r× i~∂ )zA j (5)
where q+ = 12γ−γ+q is the dynamical component of the quark field operators and A+ ≡
A0 +A+ = 0 is the light cone gauge.
In (4) and (5), the first and third terms are the ’intrinsic’ contributions to the angular mo-
mentum Jz =+ 12 of the nucleon and can be interpreted as spin of the quark and gluon respec-
tively and the second and third terms are interpreted as the corresponding orbital angular mo-
menta(OAM). The quark spin term is manifestly gauge invariant. Gluon spin is accessible
experimentally and hence it is also gauge invariant. It is defined through a non - local operator
in the gauges other than light- cone gauge[3, 2, 6].
The total OAM of both quark and gluon, which is gauge invariant, can be written as
L
z = ∑
q
L
z
q +L
z
g =
1
2
− 1
2 ∑q ∆q−
1
2
∆G (6)
The expectation value of qγzΣzq vanishes for a parity eigenstate. So, one can substitute
q†Σzq → qγ+Σzq = q†+γ5q+, i.e. the ∆q are same in both decompositions. All the other terms
are different from each other since they are not defined through matrix elements of the same
operator and one should not expect them to have the same numerical value[3, 6].
We have OAM term from Ji relation,
q†(~r× i~D)zq = qγ0(~r× i~D)zq→ q(γ0 + γz)(~r× i~D)zq+q†+(~r× i~D)zq+ (7)
Note that the expectation value is taken in a parity eigenstate. Even in light- cone gauge,
L z and Lz differ by the expectation value of q†+(~r×g~A)q+ since Eq. (7) contains the transverse
component of the vector potential through the gauge covariant derivative.
3
2 Orbital Angular Momentum (OAM) in Scalar Diquark Model
With the center of momentum and relative ⊥ coordinates, for a two particle system[3],
P⊥ ≡ p1⊥+p2⊥ (8)
R⊥ ≡ x1r1⊥+ x2r2⊥ = xr1⊥+(1− x)r2⊥
k⊥ ≡ x2p1⊥− x1p2⊥ = (1− x)p1⊥− xp2⊥
r⊥ ≡ r1⊥− r2⊥ (9)
where x1 = x and x2 = 1− x are the momentum transfer carried by active quark and the
spectator respectively. One can replace the OAM operator for particle 1 by (1− x) times the
relative OAM in a state with P⊥ = 0 which gives us p1⊥ =−p2⊥ = k⊥ .
L
z
1 = r1⊥×p1⊥ = [R⊥+(1− x)r⊥]×k⊥→ (1− x)r⊥×k⊥ = (1− x)L z (10)
Similarly, one can write L z2 = xL z for particle 2.
To compute the OAM of the quark in Ji and Jaffe and Manohar decomposition, we have the
light -cone Fock state wave functions in Scalar di quark model[3, 7, 6],
Ψ↑
+ 12
(x,
−→k⊥) = (M+ m
x
)ψ(x,k2⊥),
Ψ↑− 12
(x,
−→k⊥) =−(k
1 + ik2)
x
ψ(x,k2⊥) (11)
|ψ |2 = g
2x2(1− x)
[M2x2− (M2 +m2−λ 2)x+(−→k⊥2 +m2)]2
where g is the Yukawa coupling and M, m, and λ are the masses of the nucleon, quark and
diquark respectively. Here x is the momentum fraction carried by the quark and the relative
momentum k⊥ ≡ ke⊥−kγ⊥. The ↑ , upper index, of the wave function represents the helicity
of the nucleon and the lower index that of the quark.
According to Jaffe - Manohar decomposition, the OAM of the quark is[3]
L
z
q =
g2
16pi3
ˆ 1
0
dx
ˆ
d2−→k⊥(1− x)|Ψ↑−1
2
|2 (12)
Similarly according to Ji decomposition,
Lzq = Jzq−〈Szq〉 (13)
Jzq =
1
2
(
Aq(0)+Bq(0)
)
=
1
2
ˆ 1
0
dxx[q(x)+Eq(x,0,0)]
Aq(0) = 1− 116pi3
¨
dxd2k⊥(1− x)
[
|Ψ↑
+ 12
|2 + |Ψ↑− 12 |
2
]
Bq(0) =
1
16pi3
¨
dxd2k⊥
2M(1− x)(m+Mx)
x
|ψ |2
4
〈Szq〉=
1
2
+
1
16pi3
¨
dxd2k⊥
(
1
2
[
+1|Ψ↑
+ 12
|2−1|Ψ↑− 12 |
2
]
− 1
2
[
+1|Ψ↑
+ 12
|2 +1|Ψ↑− 12 |
2
])
(14)
We used manifestly Lorentz invariant Pauli- Villars regularization (subtraction with heavy
scalar λ 2 → Λ2) to compute some of the divergent k⊥ integrals. Computing above integrals we
found that , in scalar diquark model,
Lzq = L
z
q (15)
It is not so surprising for scalar diquark model since it is not a gauge theory i.e the
OAM term does not contain a gauge field term. However, the x - distribution of the OAM,
(Lzq(x) and L zq (x)), are not exactly some as shown in the Figure 3.
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Figure 3: x dependence of OAM for Ji (dashed) and Jaffe - Manohar (solid) in the scalar diquark
model for parameters Λ2 = 10λ 2 = 10m2. Both in units of g216pi2 .
3 Orbital Angular Momentum (OAM) in QED
The light -cone Fock state wave functions in QED perturbative theory are[7, 3, 6, 8]. There are
four polarization states in the eγ Fock component :
Ψ↑
+ 12+1
(x,
−→k⊥) =−
√
2(−k
1 + ik2)
x(1− x) ψ(x,
−→k⊥2),
Ψ↑
+ 12−1
(x,
−→k⊥) =−
√
2(+k
1 + ik2)
(1− x) ψ(x,
−→k⊥2),
Ψ↑− 12+1
(x,
−→k⊥) =−
√
2(m− m
x
)ψ(x,−→k⊥2),
5
Ψ↑− 12−1
(x,
−→k⊥) = 0 (16)
where
ψ(x,−→k⊥2) = e/
√
1− x
m2− (−→k⊥2 +m2)/x− (
−→k⊥2 +λ 2)/(1− x)
where x is the momentum fraction carried by the electron and (1− x) is that for the photon.
~k⊥is the transverse component of momentum of the electron; m and λ are the masses of the
electron and photon respectively.
According to Jaffe- Manohar decomposition, OAM of the electron,
L
z
e =
1
16pi3
ˆ 1
0
dx
ˆ
d2k⊥(1− x)
[
−1|Ψ↑
+ 12+1
|2 +1|Ψ↑
+ 12−1
|2
]
(17)
Similarly, according to Ji decomposition, OAM of the electron is
Lze =
1
2
[
Aq(0)+Bq(0)
]
−〈Sq〉 (18)
Aq(0) = 1+
1
16pi3
¨
dxd2k⊥x
[
+1|Ψ↑
+ 12+1
|2 +1|Ψ↑
+ 12−1
|2 +1|Ψ↑− 12+1|
2
]
− 1
16pi3
¨
dxd2k⊥
[
+1|Ψ↑
+ 12+1
|2 +1|Ψ↑
+ 12−1
|2 +1|Ψ↑− 12+1|
2
]
(19)
Bq(0) = 4M
1
16pi3
¨
dxd2k⊥(m−mx)ψ |2 (20)
Now, expectation value of spin angular momentum of the electron〈Sq〉is
〈Sq〉 = 116pi3
¨
dxd2k⊥
1
2
[
+1|Ψ↑
+ 12+1
|2 +1|Ψ↑
+ 12−1
|2−1|Ψ↑− 12+1|
2
]
+
1
2
− 1
16pi3
¨
dxd2k⊥
1
2
[
+1|Ψ↑
+ 12+1
|2 +1|Ψ↑
+ 12−1
|2 +1|Ψ↑− 12+1|
2
]
(21)
We used manifestly Lorentz invariant Pauli- Villars regularization (subtraction with heavy
scalar λ 2 → Λ2) to compute some of the divergent k⊥ integrals. Computing above integrals we
found that[3, 6],
L
z
e =−
α
2pi
ˆ 1
0
dx(1− x2) log (1− x)
2m2 + xΛ2
(1− x)2m2 + xλ 2 Λ→ ∞,λ → 0−−−−−−−−−→−
α
4pi
[
4
3
log Λ
2
m2
− 29
]
(22)
and
Lze = −
α
4pi
ˆ 1
0
dx(1+ x2)[log (1− x)
2m2 + xΛ2
(1− x)2m2 + xλ 2 −
(1− x)2m2
(1− x)2m2 + xλ 2 −
(1− x)2m2
(1− x)2m2 + xΛ2 ] (23)
6
Λ→ ∞,λ → 0−−−−−−−−−→ −
α
4pi
[
4
3 log
Λ2
m2
+
7
9
]
. (24)
As long as Λ2 > λ 2 , both the L ze and Lze are negative regardless of the value of Λ2. So, the
difference between two OAMs [3] is
L
z
e −Lze (Λ→ ∞,λ → 0)−−−−−−−−−−−→
α
4pi
(25)
The cutoff dependence of OAMs from Ji and Jaffe - Manohar decompositions in QED is
shown in Figure 4.
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Figure 4: Cutoff dependence of OAMs: Ji (dashed) and Jaffe - Manohar (solid). Both in units
of α4pi .
Above results allow us to evaluate the difference between two OAMs for a massive quark
[3] with Jz =+ 12 ,
L
z
q −Lzq =
αs
3pi (26)
In QCD, gluon OAM L zg is not experimentally accessible but the gluon spin is. The total
angular momentum of the gluon Jzg in the Ji relation is accessible either directly by calculating
gluon GPDs on a lattice and / or deeply virtual J/ψ production or indirectly by subtraction
Jzg = 12 −Jzq . One can think of calculating OAM of gluon by subtracting 12∆G in Jaffe - Manohar
decomposition from Jzg in Ji decomposition but subtracting Eq. (4) from Eq. (1) gives us [3],
Jzg−
1
2
∆G = L zg +∑
q
(L zq −Lzq). (27)
i.e numerically Jzg− 12∆G differs from L zg by the same amount as ∑q L zq differs from ∑q Lzq.
In QED, the photon spin contribution in Ji decomposition is given by
7
∆γ =
ˆ 1
0
dx
ˆ d2~k⊥
16pi3
[
|Ψ↑
+ 12 ,+1
|2−|Ψ↑
+ 12 ,−1
|2 + |Ψ↑− 12 ,+1|
2
]
(28)
For (Λ→ ∞,λ → 0) , we get,
Jzγ −
1
2
∆γ = L zγ +
α
4pi
. (29)
4 Summary and Discussion
In this work, we studied the angular momentum decomposition in scalar diquark model
as well as that in QED as proposed by Jaffe - Manohar and that according to Ji relation [6].
Moreover, we compare OAMs of an electron in QED and that for an active quark in scalar
diquark model both in Jaffe- Manohar and Ji decompositions. In the scalar diquark model, as
anticipated, both the OAMs for the fermions are same but not in QED. It can be concluded that
the presence of vector potential in the manifestly gauge invariant local operator for the OAM
does indeed contribute significantly to the numerical value of the OAM. The differences seem
to be small which are of the order of α4pi but one should accept that the fact that all the OAMs
are of the order of α . In QCD, for αs ≈ 0.5 about 10% of the spin budget for the massive quark
is also contributed by vector potential term [3].
________________________
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